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Abst rac t - -The  expansion of products of generalized Laguerre polynomials L,~ (z) in terms of a se- 
ries of generalized Laguerre polynomials i considered. The expansion coefficients, which are equal to 
triple-product integrals of generalized Lnguerre polynomials, are expressed in terms of a three-index 
recurrence r lation. This is reduced to a one-index relation which facilitates computation of the ex- 
pansion coefficients. The results are useful in the solution of nonlinear differential equations when it 
is desired to express products of generalized Laguerre polynomials as a linear series of these functions. 
As an application, we use the results to compute a spectral solution of a nonlinear boundary-value 
problem, namely the Blasius equation on a semi-infinite interval. By using a truncated series contain- 
ing the first eight polynomials L~/2(z), a solution is obtained within 4% accuracy. © 1998 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Representation of a smooth function in terms of a series expansion using orthogonal polynomials 
is a fundamental concept in approximation theory, and forms the basis of spectral methods of 
solution of differential equations [1,2]. Laguerre polynomials Ln(x) and generalized Laguerre 
polynomials L~(x) each constitute complete orthogonal sets of functions on the semi-infinite in- 
terval [0, oo). In this paper, we are concerned with the use of generalized Laguerre polynomials to 
solve nonlinear differential equations. In particular, we note that for such polynomials to be effec- 
tive for nonlinear equations, one needs to express products of generalized Laguerre polynomials 
as linear expansions of these functions. An  important application, for instance, is the nonlinear 
integro-differential collisional operator in plasma physics. Here, the particle distribution function 
of velocity v is typically expanded in terms of the functions L3n/2(v2), and the technique provides 
a powerful tool for the calculation of transport coefficients for plasmas near equilibrium [3,4]. 
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However, such calculations are limited to linearized forms of the integro-differential operator. In 
order to extend the use of generalized Laguerre polynomials L~(x) to fully nonlinear systems (in 
plasma physics and elsewhere), we need to evaluate triple-product integrals of such polynomials. 
The problem was studied for Laguerre polynomials (u = 0) by Gillis and Shimshoni [5]. We 
extend their method to the case of arbitrary u (> -1). In Section 2, we obtain a three-index 
recurrence relation for the desired expansion coefficients, and in Section 3, we reduce this to a 
form involving a single index which is particularly useful for numerical computations. 
The Blasius problem in fluid dynamics concerns the steady two-dimensional fluid motion in a 
boundary layer on a flat plate placed parallel to a uniform stream [6,7]. As an application of our 
main result, in Section 4, we compute a spectral solution of the well-known (nonlinear) Blasius 
differential equation on a semi-infinite interval. 
2. THREE-INDEX RECURRENCE RELATION 
Consider the expansion of a smooth function f(x) in terms of generalized Laguerre polynomials 
L~(x) in the form 
oo 
f (x)  = E ake-::L~(x). (1) 
k-~O 
If the function f (x)  is a solution of some nonlinear equation, then to cope with products of 
functions like (1) it is desirable to be able to carry out the expansion 
OO 
e-~L~(x)L~(x) = y~ R~,k,mL~(x ). (2) 
n-.~O 
Multiplying equation (2) by e-Xx~'L~,(x) and integrating the result with respect o x from 0 
to oo, we obtain the result, 
r(n+v+l)R, f0 °° n~ " n,m,k = dx e-2XxL'L~(x)L~n(x)L~(x). 
Thus, the problem is to evaluate integrals of the form 
~0 °° C~,m, k = dx e-2Xx"L~(x)L~n(x)L~(x). (3) 
For C0,m,k, we have the analytical expression [8], 
Cv = dxe_2XxVL~n(x)L~(x ) = r (m+k+v+l )  
0,m,k m!k!2m+k+u+l (4) 
For n > 0, we obtain the following recurrence relation that follows immediately from the 
corresponding recurrence relation for generalized Laguerre polynomials: 
~0 °° (n -{- 1)C~+l,m, k = dx e-2Xx~'L~+l(X)L~n(x)L~(x ) 
=2(n-m)C,~,m,~-(n + v)C,~_l,m,k +(m + 1)C~,m+l,k+(m + u)C~,m_l,k. 
(5) 
It is convenient to factorize the coefficient C~,,~,k thus: 
F(m+k-n+v+l )  
C~,~,k = n!m!k!2~+k+.+.+1 P~,k(v), (6) 
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where P,~,k(u) is a polynomial in the indices m and k. Substituting (6) into the recurrence 
relation (5) for C,~,m,k, we have 
P~,~l(v) = 4(n - m)(m + k - n + v)P~,k(V ) 
- 4n(n + v)(m + k - n + u + 1)(m + k - n + v)P~:kl(v) (7) 
+ (m + k - n + u + 1)(m + k - n + P)Pmn+l,k(v) 
+ 4m(m + v)P~_i,k(v ). 
We find the first three polynomials are given by 
POm,k(u ) = 1, Pl ,k(u ) = (k - m) 2 + (2v + 1)(k + m) + u(u + 1), (8) 
P~,~(~) = k 4 + m 4 + 2 (k 3 + m3) 
- 4~k (~ 2 + ~2)  - (k ~ + ~)  - 2~k(k  +m-  3~k-  7 ) -  2(k +~)  
+ ~ (4 (~ + k ~) - 4~k(m + k - 5) + 6 (~2 + k2) _ 2 (~ + k + 1)) (9) 
+ ~2 (6 (~ + k ~) + 4~k + 6(k + m) - 1) 
+ ua(4(m + k) + 2) + u 4. 
3. ONE- INDEX RECURRENCE RELATION 
For the purposes of numerical computation, it is highly desirable to have a recurrence relation 
involving a single index. In this section, we derive such a relation. 
The function As(x) = e-X/2L~(x) satisfies the equation 
xA"+(u+l ) )~ 's+(  s+v+----12 4/As=0"  (10) 
Taking into account equation (2), we may now write 
oo  
y(x) = Ar(x)As(x) = ERr ,  s,ti~(x). (i i)  
t=O 
Multiplying equation (11) by e-=x~L~,(x) and integrating the result with respect o x from 0 
to oo, we obtain 
l)Rr vst ~ -2x u u L, u r(t+U+tT . , = °°dxe x L~(x)L,(x)Lt(x ) = C~,,, (12) 
The function y(x) satisfies the differential equation 
~(y) = x3y ' ' '  + x2(av + l)y'" + x [2 (r + s + v 9- 1) x - x 2 9- (u 9- 1)(5v + 4)] y" 
+ [x(4u + 3) (r + s + u + 1) - (2u + 3)x 2 + u(v + 1)(2u + 1)] y' (13) 
+ [(~ - ~)~ - (~ + i)2~ + (~ + ~ + ~ + i) ~(2~ + i)] y = 0. 
Using standard properties of generalized Laguerre polynomials, we obtain the following: 
L~ (L~') = x (a - t) (2v + 1 + 2x) dL~ 
dz t (14) 
+ [x (6 -  (u + 1) 2 +t ( t -  2a-  2v -  2)) + (a -  t) v(2u + 1)] n[,  
where 
a=r+s+u+l ,  6=(r -s )  2, 
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and, consequently, 
( L~)=- - ( t+ l ) (6 - ( t+u+l )  2 )L~+ 1 
+ [(0. - t)(t(2t + 4v + 1) + v(2v + 1)) + (2t + v + 1) (6 -  (t + v + 1)2)] L~ 
- (t +v)  [6 -  (t + v+ 1) 2 + (a -  t)(4t +4v-  1)] L ~ t -1  
+ 2(0. - t)(t + v)(t + v - I)L~_ 2. 
(15) 
with boundary conditions 
- (. + ~) (6 - (. + ~)2) cL,._1 
+ [(0. - n)(n(2n + 4u + 1) + v(2v + 1)) + (2n + u + 1) (6 - (n + v + 1)2)] C,~",s,n 
- (n  + 1) [6 - (n + ,, + 2) 2 + (0. - n - 1 ) (4n  + 4,, + 3)] eL , , ,+1  
+ 2(0- - n - 2) (n  + 1)(n + 2)C~.V,s,n+2 = 0. 
After reassigning the index n + 2 --* n, the relation (16) becomes 
2(°  - . ) (n  - 1 ) . cL , .  = (n - 1) [6 - ( .  + ~)2 + (0. _ .  + 1) (4 .  + 4~ - 5)] c ~ r,s,n--1 
[(0. - n + 2)((n - 2)(2n + 4v - 3) + v(2v + 1)) + (2n + u - 3)(6 - (n + v - 1)2)] C vr,s,n_2 (17) 
+(,~ + ~, - 2) [6 - (n + ,~ - 2) 2] c,L,,,-3. 
Result (17) is the desired one-index recurrence relation for the expansion coefficients C~,m. k. 
Askey and Gasper [9] obtained a three-term recurrence relation similar to this by use of hyper- 
geometric functions. The relation (17) provides for efficient computation of the coefficients once 
the first three coefficients C~,n,k, C v C v 1,re,k, 2,m,k are known. The latter coefficients are given by 
(6), (8), and (9). Singularity for integer orders v cannot occur since C~,.,n, k is perfectly symmet- 
ric in all three indices n, m, k. The symmetry also reduces the labor in calculating the table of 
coefficients. 
4. EXAMPLE 
Consider the classical Blasius equation [6,7], 
2Y'" + YY"  = 0 (18) 
Y(0) = Y'(0) = 0, Y'(oo) = 1. 
We express Y(x) in terms of generalized Laguerre polynomials as follows: 
N 
Y(x) = x + b + E ake-XL~(x)" (19) 
k=0 
Derivatives of the function Y(x) are conveniently obtained using the formula 
d(e-XL'~(x)) 
dx 
The boundary conditions become 
N N 
v+l b+EakL~(O)=O,  1-~"~akL k (0) = 0. 
k=O k--O 
= -e-XL~+l(x). 
(16) 
Finally, we substitute xpansion (11) into equation (13), apply property (15), multiply the 
result by e-XxUL~, and integrate with respect o x from 0 to oo, to derive the recurrence relation, 
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Substituting expansion (19) into equation (18), we obtain the equation 
N N 
-2 ~ ake-=L~+3(x) + (b 't- x) ~ ake-=LkV+2 (x)
k----O k=0 
N N 
+ E E aka'ne-2XL~(x)L~+2(x) = O.
k.=O mr0 
(20) 
Using the formulae 
L~ (x) ---- L~ +i (x) -- L v+ln_it Ix't/ 
and 
xL~(x) = (2n + v + 1)L,~(x) - (n + 1)L~+l(x ) - (n + v)L~,_l(x), 
we see that all the Laguerre polynomials in equation (20) can be expressed in terms of Laguerre 
polynomials of order v + 3. 
Hence, 
N 
E e-= {-2al~L~ +3 -I- bak [L~ +3 - "k-ljr~'+3] 
k----0 
+ak [-(k + l)Lk+ , "  ---v 3 + (3k + v + 4)L~ +3 - (3k + 2v + 5)L~_ +3 + (k + v + 2)L~ +3] 
N 
+ai~e-= E am [L~ +3 (L~ +" - L~+_~) - "-k-l~r~+3 (L~+3 _ L~+.m_ls ~ 
I r l=0 
0. 
I i "IJm--i/J . i  
(21) 
We now multiply equation (21) by xV+3L~ +3 and integrate the result with respect o x from 0 
to c~, obtaining 
a ,  [b - 2 + (3n + is + 4)] - an+l [b + (3n + 2v + 8)] 
N N 
+ [-nan-i + (n + v + 4)an+21 + E E v+3 akamB,,,k,m = O, 
k=O m=O 
(22) 
where 
n! V C v V 
Bn'm'k ---- F(n + v + i) [( n,k,m - C~,k,m-l) - 3 (C~,k_l, m - C~,k_l ,m_l) (23) 
+3 - c .v  - - 
It is easy to verify that this formula is valid for arbitrary indices with the convention that 
Cn,k,m = 0 if any of the indices is leas than 0. 
The system of N+l  equations (22) (for n = 0, 1,. . .  N), together with two boundary conditions 
from equation (18), form a nonlinear set of equations for b and ak, k = 0, 1 , . . . ,  N. 
From equation (18) we obtain the conditions 
Y"'(O) = Y"'(O) = YVX(o) = yVH(o) = O, 
from which follow four additional linear equations in ak. We find it useful in practice to use these 
equations instead of any four nonlinear equations of the set (22). 
For the computations we set v -- 1/2, and constructed solutions (19) in the eases N = 1, 4, 
and 7. Evaluation of the required coefficients was routinely carried out by use of the computer 
algebra package Maple V. The results for Y'(2x), which are shown in Figure 1, compare favorably, 
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Figure 1. Derivative Y~(2z) of the solution of the Blasius problem as computed from 
the  spectral expansion (19) for N = 1 (dotted curve), N = 4 (dashed curve), and 
N = 7 (solid curve), each with v = 1/2. Also shown are points representing the  
tabulated solution of Loitsyanskii [7]. 
for instance, with the tabulated solution of Loitsyanskii [7]. Specifically, for N = 7 the spectral 
approximation is within 4% of the tabulated solution over the entire interval [0, ~) .  
5. CONCLUSIONS 
We have expressed products of generalized Laguerre polynomials L~(x) as linear expansions 
of these functions, and have reduced the recurrence relation for the expansion coefficients to 
one involving a single index. The result is useful in the construction of the spectral expansions, 
in terms of the functions L~(x), of solutions to nonlinear differential (and integro-differential) 
equations on a semi-infinite interval. As an example, we have obtained a reasonably accurate 
spectral approximation to the solution of a nonlinear boundary-value problem, namely the Blasius 
problem, in terms of the first eight generalized Laguerre polynomials L 1/2 (x). 
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